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Singular cycles of vector fields on regular parts 
of the boundary of Morse-Smale systems 
Rodrigo B a m 6 n  1 

Abstract. At the boundary of the class of Morse-Smale vector fields there are vector 
fields whose unique degenerate phenomena is a singular cycle. We first characterize 
and classify all singular cycles which contains only one degeneracy (the simple singular 
cycles: ssc). Each of these cycles defines a codimension one submanifold of vector 
fields. For some ssc its codimension one submanifold is a regular part of the boundary 
of the Morse-Smale systems. We characterize those ssc that defines this type of 
submanifold. Our ambient space is n dimensional, n _> 2. 
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1. I n t r o d u c t i o n .  

We consider  C ~, r big enough,  different iable  vec tor  fields def ined on n 

d imens iona l  manifolds ,  n _> 2. A cycle of a vec tor  field is a chain  recur-  

ren t  set fo rmed  by  a finite col lect ion of cri t ical  e lements  (singulari t ies  

and  per iodic  orbi ts )  t oge the r  wi th  a finite col lect ion of regular  orbits .  

A cycle is singular if at  least  one of its cr i t ical  e lements  is a singulari ty.  

As we shall see, vec to r  fields wi th  s ingular  cycles are no t  s t r u c tu r a l l y  

stable.  However ,  t h e y  m a y  a p p e a r  pers i s ten t ly  in o n e - p a r a m e t e r  families 

of  vec tor  fields. In fact ,  t he re  are cod imens ion-one  submani fo lds  in the  

space of vec tor  fields def ined by  sys tems  wi th  a s ingular  cycle as un ique  

degene ra t e  phenomenon .  T h e  degenera te  p h e n o m e n o n  appea r ing  on 

these  s ingular  cycles is e i ther  a non-hyperbo l i c  cri t ical  e lement  or a 

non- t r ansve r sa l  in te rsec t ion  be tween  invar iant  manifolds.  

One of the  aims of this  work is to  charac te r ize  and  classify all these  

s ingular  cycles. We call t h e m  simple singular  cycles. 
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224 RODRIGO BAMON 

Vector fields with simple singular cycles may belong to the bound- 

ary of the Morse-Smale systems. This part  of the boundary  is regular, 

that  is, a codimension one submanifold. Generic one-parameter  families 

of vector fields leaves the Morse-Smale systems through systems with 

simple singular cycles. 

A second aim in this work is to characterize and classify those simple 

singular cycles of vector fields on the boundary  of the Morse-Smale 

systems. 

The motivation for this study, beyond the intrinsic mathemat ica l  

interest of classifying systems, comes from bifurcation theory: simple 

singular cycle may separate Morse-Smale systems from systems with 

non-trivial recurrent sets: an ft- explosion phenomena.  Although this 

kind of ft - explosion is studied by many authors for particular singular 

cycles ([BLMP], [L], [PR], [Ri], [Ro], IS]), there is no global view of all 

the singular cycles to be considered for this respect. We intend to cover 

this gap. 

In Section 2 we give some general definitions and we state our re- 

sults. In Section 3 we prove Lemma 1, which essentially characterize the 

singular cycles that  contains only one degeneracy: the simple singular 

cycles~ Further,  in this Section we also classify these simple singular 

cycles, and, we impose generic conditions to them. In Section 4 we 

prove our results. In Section 5 we prove various simple technical lem- 

mas which complete the proofs of Section 4. In Section 6 we speculate 

about general s tatements  for the unfolding of simple singular cycles. 

2. Statement o f  results. 
A cycle F of a vector field X is a set 

P = o-i U \ i=o  

k - 1  f , . ,A~k 1 where {~ri}~=0 are critical elements and ~ J i=0 are regular orbits such 

tha t  a(y~) = ~ and ~(yi) = ai+l ,  Vi = O , . . . , k  - 1 (modk). Here, 

a(y)  and ~(~/) denotes the ~ and ~ limit sets of the orbit % For a 
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critical element (7, W~((7) = {x/w(x) = (7} and W~((7) = {x/c~(x) = (7} 

denotes, respectively, the stable and unstable sets of (7. For a cycle 

F, 7~ C_ W~((7~) N WS((7~+l), Vi = 0 , . . -  k - 1. A cycle is singular if at 

least one of the critical elements of F is a singularity. 

A cycle is hyperbolic if all of its critical elements are hyperbolic; 

otherwise it is called non-hyperbolic. A cycle is homoelinic if contains 

only one critical element. If not, it is hete~vclinic. 
A singular cycle F is simple if either: 

a) It is hyperbolic, it contains a unique singularity and every regular or- 

bit 7i in F, with the exception of exactly one (say 7j), is a transversal 

intersection between W~((Ti+l) and W~((Ti). Further,  

dim(W~((7j+l)) + dim(W~((7j)) = n 

and WS((Tj+l), WU((Tj) are in general position (that is, TpWS((Tj+I)+ 
TpW~((7j) is a hyperspace in TpM Vp E 7j). 

b) Only one of the critical elements of F is non-hyperbolic and of saddle- 

node type. There is a unique singularity in P and every regular orbit 

7i in r is a transversal intersection between W~((7i+l) and W~((7i). 

In case a) the orbit ~j is called the non-transversal orbit ( non-transversal 

intersection) of F. 

Every simple singular cycle (ssc) contains a unique degeneracy. The 

next Lemma states this and its inverse: simplicity gives a characteriza- 

tion for those singular cycles with just one degeneracy. 

Lemma  1. (a) Vector fields with simple singular cycles lie in codimension 

one submanifolds in the function space of vector fields. They involve 
only one degeneracy. (b) Vector fields with non simple singular cycles 

lie in submanifolds of higher codimension. They involve more than one 
degeneracy. 

Par t  (a) is nowadays an s tandard fact in bifurcation theory. Par t  

(b) will be proved. 

From now on, given a vector field X with a ssc F, we denote by N a 

small neighborhood of X, by AF the local codimension one submanifold 

on the space of vector fields defined by the unique degeneracy in F, and 
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by U a small neighborhood of F. We may characterize i v  by 

3/" = {Y E N / Y has a ssc Py,  Fy  the analytic continuation of r}.  

The submanifold iV divides 5 / in to  two components.  The analytic con- 

tinuation of a ssc F of a vector field X are the ssc's of nearby vector 

fields formed by identical number and type of critical elements as in F, 

with similar connections between critical elements and which are close 

to F in the Hausdorff  metric of compact  subsets. 

For every vector field Y C N let Ay = f)tEI~Y(t, U), where qoy(t, x) 

denotes the flow of Y, be the maximal invariant set of Y in U. By ft(Y) 

we denote the non-wandering set of Y. 

We say that  a vector field X with a ssc P belongs to the boundary 

of the Morse-Smale systems if ft(Y) • U is trivial for every vector field 

Y in one of the components  of b / \  iV. We say that  ft(Y) ~ U is trivial if 

it only contains the analytic continuation of the critical elements in F. 

(By the analytic continuation of a saddle-node critical element we mean 

the two critical elements unfolding from it). 

We now characterize and classify the ssc of vector fields that  are in 

the boundary  of the Morse-Smale systems. As we will see, this depends 

bo th  on s tandard generic conditions and on local properties to be sat- 

isfied by the ssc. The description of the generic conditions is done in 

Section 3. For the moment,  a ssc that  verifies these generic conditions 

is said to be a 9eneric simple singular cycle (gssc). 

We say that  a gssc F of a vector field X is isolated if Ax = F for 

every U small enough. Later on we will prove that  P being isolated is 

a necessary condition for X to be in the boundary  of the Morse-Sinale 

systems. 

Let X be a vector field with a hyperbolic gssc r .  Let -yj be the 

non-transversal orbit of F, "yj C_C_ W~(aj) N W~(crj+l). We say that  "yj is 

adjacent to the singularity if either crj or a j+ l  is the singularity. 

In Section 3 we define a signature for the non-transversal orbit "yj of a 

hyperbolic gssc. The non-transversal orbit is the intersection of a stable 

and an unstable manifold whose tangent spaces generically span a codi- 

mansion one subspace (they can' t  intersect transversally). These mani- 
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folds are the boundary  of a center-stable and center-unstable manifold 

respectively. Roughly, the signature of the non-transversal intersection 

tells as about how these center-stable and center-urrstable manifolds are 

relatively located. For the moment  we o state Theorem 1 below. 

The following two conditions for the non-transversal orbit 73 of a 

hyperbolic gssc are relevant for tile s ta tement  of our results. 

(C1) The weakest contracting (rasp. expanding) eigenvalue of crj (rasp. 

crj+l) is real. Further,  it is positive if crj (rasp. O'j~_l) is a periodic orbit. 

(C2) The non-transversal orbit 7j has negative signature. 

T h e o r e m  1. Let X be a vector field with a heteroclinic hyperbolic gssc 

F. Let 7j be the non transversal orbit of F, Tj C WU(aj) • WS(o-j+l). 
Then: 

(a) X is in the boundary of the Morse-Srnale systems if and only if 

conditions (Cl) and (C2) hold. 
(b )  If (Cl) (C2) hold then r is isolated. 
(c) If  7j is adjacent to the singularity the converse of b) is true: if P is 

isolated then conditions (C1) and (C2) hold. 

Remark.  If 7j is not adjacent to the singularity then there are subordi- 

nated cycles of r ( that is, cycles whose critical elements are some of the 

ones in F) containing only periodic orbits as critical elements. This kind 

of non-singular cycles can be considered as a diffeomorphism's cycle. In 

our case we arrive exactly to those cycles studied in [DR] and [D I. In 

this way we find isolated singular cycles where either (C1) or (C2) (or 

both) doesn' t  hold. 

Consider a hyperbolic singularity cr of a vector field X. Let a < 

0 (rasp. b > 0) be the real part  of the weakest contracting (rasp. ex- 

panding) eigenvalue of DX~. That  is, 9IA _< a for every eigenvalue of 

DX~ with negative real part.  Similarly for eigenvalues with positive real 

parts. We say tha t  (r is centrally contracting (rasp. centrally ezpanding) 

if a + b < 0 (rasp. a + b > 0). Generically, these weakest eigenvalues are 

simple and either real or complex. 

Now consider condition (C) defined for a homoclinic gssc 

r = u 
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(C) Either a is centrally contracting with a real weakest expansion or 

is centrally expanding with a real weakest contraction. 

Theorem 2. Let X be a vector field with a homoclinic hyperbolic gssc F. 

They are equivalent: 

(a) X belongs to the boundary of the Morse-Smale systems. 

(b) Condition (C) holds. 
(c) F is isolated. 

Theorem 3. Every vector field with a non-hyperbolic gssc is in the bound- 

ary of the Morse-Smale systems. Moreover, it is isolated. 

3. Simple singular cycles and genericity 
3.1. Simple singular cycles. Proof of Lemma 1. 
Let ~ be a critical element of a vector field X, and let ~, ~ and ~ be, 

respectively, the number of contracting, expanding and neutral eigenval- 

ues of DXc~ in case ~ is a singularity, and of Dfcp (p E ~, 7c the Poincare 

map of or) in case ~ is a periodic orbit. In the first case ~ + g + ~ = n, 

while in the second N + ~ + 5 = n - i. 

For critical elements of vector fields in generic one-parameter families 

of vector fields, the sets WS(cr) and WU(cr) are smooth submanifolds. If 

either W s (or) or W ~ (or) has a boundary (for cr non-hyperbolic), we denote 

it (the boundary) by WSS(cr) or WUU(cr) respectively. Let s and u be the 

dimensions of WS(cr) and WU(cr) respectively. 

Table 1 in the next page describes all the possible cases of critical 

elements (hyperbolic and non-hyperbolic) of vector fields in generic one- 

parameter families. The non-hyperbolic critical elements in this table 

are termed simple non-hyperbolic critical elements. 

Let W s and W ~ be two invariant submanifolds of dimensions s and 

u respectively. If s + u  > n + l  (resp. s + u  < n + l )  then we say that  there 

is (resp. there is not) enough dimension for transversality. The number 

of exceeding (missing / dimensions is s + u -  ( n+  1) (resp.n+ 1 - (s +u)). 

For a singular cycle F = (Uai)U (U~) with either hyperbolic or simple 

non-hyperbolic critical elements, we denote by si and u~ the dimensions 
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of  W~(cri) a n d  W ~ ( a i )  r e spec t ive ly .  

Wable  1 

C r i t i c a l  e l e m e n t  s, u,  g u + s 

H y p e r b o l i c  
s i n g u l a r i t y  s = a; u = u; c = 0 n 

H y p e r b o l i c  
p e r i o d i c  o r b i t  s = ~ + 1 ; u  = g + 1;d = 0 n + 1 

S a d d l e - n o d e  
s i n g u l a r i t y  

s = ~ + 1 ; u = ~ + l ; ~ = l  
w s s r 1 6 2  

n + l  

H o p f  s i n g u l a r i t y  a n d  or  ~ a n d  d = 2 n 

U = ~  8 = 5  

S a d d l e - n o d e  s = ~ + 2; u = g + 2; ~ = 1 n + 2 
p e r i o d i c  o r b i t  W 8~ r z ,  W ~ r 2~ 

F l ip  p e r i o d i c  o rb i t  a n d  or  a n d  d = 1 

u = u + l  u = u + 2  

n + l  

p e r i o d i c  o r b i t s  a n d  or  a n d  d = 2 
u = u + l  u = u + 3  

n + l  

T h e  p r o o f  of  L e m m a  1 is b a s e d  on  t h e  fo l lowing  resu l t :  

L e m m a  2. (a)  In every hyperbolic singular cycle F there is some 7j 

which is not a transversal intersection between W s ( ~ j + I )  and W~(crj ) .  

In fact, there is a j such that 8j+l +U j ~ n + l .  The total sum of missing 

dimensions equals the number of singularities in r plus the total sum of 

exceeding dimensions. 

(b) If  only one critical element in a singular cycle P is non-hyperbolic 

and of saddle-node type, then the total sum of missing dimensions equals 

the number of singularities in r plus the total sum of exceeding dimen- 

sions plus one. 
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(c) If only one critical element in a singular cycle F is non-hyperbolic, 

and it is simple but not of saddle-node type, then the total sum of missing 

dimensions is equal to the number of singularities in r plus the total sum 

of exceeding dimensions. 

Proof .  Consider a singular cycle F with k critical elements and l sin- 

gularities, 1 < l < k. From the table above, in cases a) or c) we have 

si + ui = n if cr is a singularity and si + ui = n + 1 if cri is a periodic 

orbit. Then 

k-1 k-I 
E(S/+I+Ui)= E(si+ui):kn+k-g< k(n+l). 
/=0 /=0 

Hence there exists j E {0 , . . .  , k - 1} such that  Sj+l + ~j < n + 1 and 

W'~(crj+l) is not transversal to W~(crj). Moreover, the total  sum of 

missing dimensions equal g plus the total  sum of exceeding dimension. 

Case (b) is proved similarly. [] 

We now prove Lemma 1. The result of part  (a) of Lemma 1 is 

nowadays a s tandard fact in bifurcation theory. 

Let prove par t  (b). If a hyperbolic singular cycle F contains more 

than one singularity then there are at least two missing dimensions for 

transversality. The same occurs if r contains only one singularity and 

there is some exceeding dimension at some 7i. Vector fields with such 

singular cycles lie in higher codimensional submanifolds in the space of 

vector fields. 

If a hyperbolic singular cycle F has only one singularity and there 

are no exceeding dimensions, then we are only one dimension short 

for transversality. Assuming general s tandard conditions for the inter- 

section of the invariant manifolds (the sum of tangent spaces as big as 

possible), we have a hyperbolic simple singular cycle. If not, we increase 

the number of degeneracies. 

Similar easy arguments can be given for non-hyperbolic singular cy- 

cles that  are non-simple: they necessarily contain more than one degen- 

eracy. This proves Lemma 1. [] 
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3.2. Classification of simple singular cycles. 
We first classify all the  hyperbo l ic  ssc's. 

fuk-l~,.~ Let  F = (U)~cr~) U t ~=0 ~J be a hyperbo l i c  ssc. Assume t h a t  cr 0 is 

the  s ingular i ty  and  t h a t  7j,  J C { 0 , . . .  , k - 1}, is the  non- t r ansve r sa l  

in te rsec t ion  of  F. Recal l  t h a t  si = dimW~((ri)  and  ui = dimW~((Td for 

eve ry  i. 

T h e  hyperbo l i c  ssc are classified by  the  four - tup le  (n ,  k ,  j ,  sO) ~ N 4 

t ha t  v e r i f i e s n > 2 ;  k >  1; 0 _ < j  < k - l ;  1 < s o _ < n - 1 .  If  so = 1  

t h e n  j = k - 1 and  if so =- n - 1 t hen  j = 1. 

In fact ,  for such a four- tuple ,  u0 = n - sO and: 

si = so + l ,  ui  = uo Vi  = l ,  . . . j a n d  

si = s 0 ,  u i = t t 0 + t  V i = j + l , . . . , ] ~ - l .  

(8) (b) 
Figure 1 

Hyperbo l i c  ssc are graphica l ly  r ep resen ted  as in F igure  l (a ) .  T h e  

black po in t  is the  singulari ty,  the  circles represent  the  per iodic  orbits .  

T h e  d o t t e d  line represents  the  non- t r ansve r sa l  orbi t .  

We now etassify the  non-hype rbo l i c  ssc. 
{ u k - l o  - ~ ~ U k - 1  , Let  P = ~ i=0 W U ~ i=07i)  be a non  hyperbo l ic  ssc. Assume t h a t  

cr 0 is the  s ingular i ty  of F and  t h a t  cTj, j ~ {0 , . - .  k - 1}, is t he  saddle- 

node  t ype  cri t ical  e lement  in F. As before  si = d i m W ~ ( ~ d  and  ui = 

dimW~(cr~). Recal l  t ha t  sj + u j  = n +  1 if  j = 0 and  sj + u / =  rt otherwise.  

T h e  non-hype rbo l i c  ssc are also classified by  the  four - tup le  

( n , k , j ,  so)  ~ N 4 t h a t  verifies: n > 2; k _> 1; 0 __< j < k -  1; If 

j = 0 t h e n  1 _< s o _< n and  if e i the r  so = I or 80 = n t h en  ]c = 1. i f j  r 0 

t he n  2 < so _< n -  2. 
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For  

Ifj = 0 

If j # 0 then u0 = n -  so and: 

s i = s 0 + l ,  u ~ = u 0  Vi = l , .  .. , j  - 1 ,  

S j  = 8 0 + 1, U j  ~- U 0 + l ,  and 

s i = s 0 ,  u ~ = u 0 + l ,  V i = j + l , . . . , k - 1 .  

This situation is i l lustrated in Figure l(b).  

cates the non-hyperbolic critical element. 

such a four-tuple: 

t h e n u 0 = n + l - s 0 a n d s i = s 0 ,  u i = u 0  V i = 0 , . . . , k - 1 .  

The double circle indi- 

3.3. Generic conditions for simple singular cycles. 
Let A1, . . . ,A~ and # 1 , . . . , # ~  be the contracting and the expanding 

eigenvalues of a hyperbolic critical element cr of a vector field X. 

In case a is a hyperbolic singularity (~ + a = n), the real part  of 

these eigenvalues may be ordered as follows: 

9~A~ _< ~A~_I <_ . . .~A1 < 0 < ~t#l <_ ..- < 9~#~_1 _< ~#~.  

We know that  generically either A1 is real with ~tA2 < A1 or A1 is 

complex with ~tA3 < ~A2 = 9~A1. Further,  generically either #1 is real 

with #1 < ~t#2 or #1 is complex with fR/.t I = iR#2 < 9~#3. 

In case cr is a hyperbolic periodic orbit (~ + a = n - 1) there are 

similar generic properties for the norm of its eigenvalues. 

The first generic property for a ssc is: 

(G1) The eigenvalues of the vector field at the singularity (if it is hyper- 

bolic), and of the re turn  map at every hyperbolic periodic orbit, verify 

the above generic property. 

The eigenvalue A1 (resp. #1) is called the weakest contracting (resp. 

expanding) eigenvalue of the hyperbolic critical element. This weakest 

eigenvalue has natural ly associated a weakest contracting (expanding) 

direction which is either one or two dimensional. 

Let u (resp. s) be the dimension of WU(~) (resp. l/V*(a)) and let c 

be the dimension of the weakest contracting (resp. expanding) direction 

(e = 1 or 2). Any u + c (resp. s + c) dimensional invariant submanifold 

containing W~(a) (resp. WS(cr)) which is tangent  at c~ to the weak- 

est contracting (resp. expanding) direction will be denoted by W~(cr) 
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(resp. WCS(c~)) and called the center-unstable (resp. center-stable) man- 

ifold of or. 

The  last two generic condit ions are: 

(G2) At every hyperbolic critical element ~i of a ssc F, the regular orbit 

7i-1 (resp. 7i) reaches (resp. leaves) cr i tangential ly to the weakest 

contract ing (resp. expanding)  direction of o-i. At the saddle-node type 

critical element crj (if it exists) the regular orbit  7j-1 (resp. 73) reaches 

(resp. leaves) ~j tangential ly to the l -dimensional  neutral  direction. 

(G3) If 7j is the non-transversal  intersection between W~(~j) and 

WS(crj+l) of a hyperbolic ssc, then  WC~(crj)ch W~(crj+l) and W~(~rj)ch 
w~(c,j+l). 

At every hyperbolic critical element (ri, WC~(cri) and WC*(~) ea~ be 

chosen so tha t  7,-1 C WC~(cri) and 7i C_ WC~(cri). 

Finally, for technical reasons we will assume the following lineariza- 

t ion condition. It is not really essential for our results. 

(L) There  is a neighborhood b / o f  X in the C3-topology such tha t  the 

analytic cont inuat ions of the hyperbolic critical elements of X are C 2- 

iinearizable for every Y c N. 

A ssc verifying these generic conditions will be called a generic ssc 
(gssc). 

Finally, we define the signature of the non-transversM orbit of a 

hyperbolic gssc. 

Consider a hyperbolic gssc r and assume tha t  

7j c w~,(c~) n w~(c~j+~) 

is the non-transversal  intersection of F. Assume further tha t  the weak- 

est contract ing eigenvalue of c~j and the weakest expanding eigenvalue 

of Cry+ 1 are real. In addit ion,  suppose tha t  whenever o-j (resp. O-j+]) 
is a periodic orbit  this eigenvalue is positive. Then  W~(crj) (resp. 

W~(crj+l)) separates W~(crj) (resp. Wr into two invariant sub- 

manifolds, one of which contains 7j-1 (Tj+l). Call this manifold WS~((Tj) 
(resp. W~(crj+l)) .  At each point  p C 7j choose vectors Vp and Wp with 

vp (resp. wp) tangent  to W~(crj) (resp. W~U(crj+l)) and point ing to- 

wards WS~(crj). 
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By (G3) neither vp nor Wp are contained in the hyperspace TpW~*(~j) 
+TvWS(~rj+l). We say tha t  7j has positive (negative) signature if vp and 

wp points towards the same (resp. different) side of such a hyperplane. 

4. Proofs  o f  Theorems .  
The crucial point for the proof of Theorem 1 is the transit ion map of 

orbits close to critical elements. We start  recalling the information about 

these transit ion maps. 

4.1. Local properties of  the transition maps. 
In this section we describe properties of the loc~t transit ion map near 

hyperbolic critical elements. Generic conditions are assumed through- 

out. 

Let cr be a hyperbolic critical element of a vector field X. Choose 

generic points p C WS(r and q ~ WU(~) inside a linearization neigh- 

borhood of or. The positive (resp. negative) orbit of p (resp. q) reaches 

cr tangentially to the weak stable (resp. unstable) direction. Consider a 

central unstable (resp. stable) manifold WCU@r) (resp.WC'S(cr)) of cr such 

that  p C WCU(o-)(resp.q E WCS(~)). Consider some small transversal sec- 

tions Ep and E v at p and q respectively. In case ~ is a periodic orbit 

choose Ep and E v inside a bigger transversal section to cr. See Figure 2. 

. . ,-" 
. 7  Y]p 

E 

Figure 2 

Let ~( t ,x)  be the flow of X and define D~ = {x E Ev/~ T > 0 

with ~(T, x) E E v and qD(t, x) remains in the linearization neighborhood 

vt [0, T])  
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Consider the transition map 7r~ : D~ ---+ Eq and let T~ = 7r~(D~) be 

the target of 7c~. The set D~ is the domain of 7r~. 

When the t ime is reversed, T~ becomes the domain of the transit ion 

map, while D~ becomes its target.  

We now describe the geometry of the sets D~ and T~. We first in- 

t roduce some terminology. 

Let NO c_ N1 be proper submanifolds of a manifold M. We consider 

the possibility that  NO be the boundary  of N1. In this case TxN1 is a 

semi space for every x E NO. We say that  a set A c_ M, with NO C_ A, is 

tangent to N1 at NO if a'(0) E T~(o)N1 for every regular curve ~ : [0, c[--+ 

A with c~(0) E N 0. Moreover, for every Po E NO there is such a regular 

curve with c~(0) = P0 and c~'(0) ~ TpoN 1 \ TpoN O. If dimN1 = d i m N  0 + 1 

and No separates N1 into two components,  we say that  a set A with 

N o C_ A is one-sided tangent to N1 at No if it is tangent  to one of the 

components of N1 \ -No at its boundary  No. 

With  no possible confusion we make no distinction between D~ and 

D~. They  only differs on orbits in W~((7). 

Lemma 3. Assume that (7 is a hyperbolic singularity. Then: 

(a) D~ and T~ are connected sets. 

(b) D~ (resp. T~) is contained in a set which is tangent to WCS((7) ~ Ep 

(resp. WCU((7) N Eq) at W~((7) N Ep (resp. W~((7) (~ Eq). 

(c) If  the weakest expansion (resp. contraction) is real, then D~ (resp. 

T~) is itself one-sided tangent to the submanifolds described in (b). 

Assume that (7 is a hyperbolic periodic orbit. Then: 

(d) Z)~ (resp. T~) has enumerable many connected components accumu- 

lating in Ws((7)NEp (resp. W~((7)AEq). The distances of consecutive 

components of D~ (resp. T~) to W~((7) AEp (resp. W~((7) AEe) is a 

geometrical sequence of ratio the modulus of the weakest expansion 

(resp. contraction) of (7. 

(e) Same statement as (b). 

(f) If  the weakest expansion (resp. contraction) is real and positive, then 

D~ (resp. T~) is contained in a set which is one-sided tangent to 

the submanifolds described in (b). 
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Proof. For a linear Jordan form vector field the proof follows from direct 

calculations. We carry these out in Section 5. 

For a C2-1inearizable critical element the Lemma follows from the 

invariance of the s ta tement  under a C 1 change of coordinates. [] 

From the proof of Lemma 3 we can deduce further geometrical prop- 

erties of D~ and T~: 

Corollary 1. In linear coordinates, the domain D~ (resp. target T~) 

is the intersection of Ep (resp. Eq) with a cylinder of ax W~(a) (resp. 

W~(cr)) over a set in W~(cr) (resp. W~(a)). This set is contained in a 

set that is tangent to the weakest ezpansion (resp. contraction). 

If R ~ - W ~ • W ~ we say tha t  a set of the form A x W ~ with A c W ~ 

is a cylinder with ax W ~ over the set A. 

Remark.  We claim tha t  Lemma 3 holds even for non-linearizable critical 

elements, but its proof may involve some complicated nonlinear estima- 

tions. We have adopted a generic view point instead. 

4.2. Proof of  Theorem 1 (a) (surf. condition) and l(b).  
Let X be a vector field with a hyperbolic gssc F. Let 7j be the non 

transversal orbit- of F, 7j _C W~(crj) • WS(~j+l).  Assume tha t  conditions 

(C1) and (C2) holds. 

At a point p E 7j, TpW~(crj) + TpWS(crj+l) is a hyperspace of TpM. 

Moreover, W~(crj) is the boundary of W~(crj) and Ws(aj) is the bound- 

ary of W~(crj+l) .  By hypothesis, in a small neighborhood of p we have 

tha t  W~(crj) ~ W~?(aj+I) = {p}- See Figure 3 below. 

w~(a~) 

W~(Crj+l) 

Figure 3 
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Let U be a small neighborhood of F. Let E be a small transversal 

section to X at p and let D = {x C E/~tO > 0 with p( t0 ,z )  E E and 

F( t , z )  r U Vt E [0, t0]} be the domain of the return map 7c : D ~ E. 

Let T = 7c(D) be its target.  

Let Tj ( resp.Dj+l)  be tile target  (resp. domain) of the local transi- 

tion map in a neighborhood of crj (resp.r  Then the flow sends D 

into Dj+I and T is sent by the reverse flow into Tj. By condition (C1) 

and Lemma 3 we see that  D is contained in a set which is tangent to 

W~S(crj+l) N E at W~(crj+l) n E and that  T is contained in a set which 

is tangent to W~_~(aj) N E at W~(crj) N E. From condition (C2) we now 

conclude that  D N T = {p}. Hence F is isolated. This proves par t  (b). 

For Y C/d define Dy and Ty to be the domain and the target  of the 

return map 7cy : E --~ E. By arguments analogous to those used above we 

see that  Dy is contained in a set which is tangent to W~(crj+l(Y)) N E 
at WS(crj+l(Y)) N E and that  Ty is contained in a set which is tangent  

to W~(aj(Y)) N E at W~(crj(Y)) N E. For vector fields on one of the 

components  of N \ 'A/, we have that  Dy ~ Ty = r Hence, for a vector 

field Y in this component  Ay contains only the analytic continuation of 

the critical elements of X in F. This means that  X is in the boundary  

of the Morse-Smale systems. Thus we have prove the sufficient part  of 

Theorem l(a).  [] 

4.3. Theorem l(a) (necessary condition). 
We prove that  if either condition (C1) or (C2) is false then in both  com- 

ponents o f / / / \  Af there are vector fields Y with a transversal homoclinic 

orbit ~y to either (Tj(Y) or crj+l(Y ) contained in a small neighborhood 

of F. 

By transversali ty and the A-Lemma (see [PdM]), W~(crj+l) inter- 

sects transversally WS(crj). Since d i m ( W ~ ( a j ) ) +  dim(WS(cry+l)) = n +  2 

this intersection generically contains a continuous set of orbits. 

It follows that  there are subordinated cycles of the form 

= {O-j, O-j+1} U {~Yj, ~ / j+ l}  

contained in U. 
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The analysis now follows very similar to that in [DR] where het- 

erodimensional cycles for diffeomorphisms are considered. 

Consider p E 7j and 2 as before. For every Y E L/define Dy, Ty and 

Try : Dy -+ Ty relative to this subordinated cycle. Both Dy and Ty has 

infinitely many connected components accumulating in W s (~j + 1) (Y) O 

and WU(crj)(Y) • 2 respectively. 

On the other hand, every component of Dy (resp. Ty) contains in 

its boundary a piece of WS(oj)(Y) N ~ (resp. WU(crj)(Y) A ~). 

By hypothesis WU(crj) intersects WS(crj+l) non-transversally, but 

in general position, along ~j. Even if (CI) and (C2) is false it may 

occurs, depending on the geometry of the intersection of WU(crj+l) with 

WS(crj)), that D n T = {p}. In this case the cycle F is isolated. 

However, if either (CI) or (C2) is false, in both components of L/\A/ 

there are vector fields Y with a homoclinic orbit @y to either crj(Y) or 

~j+~(Y). 
This proves that F is not in the boundary of the Morse-Smale sys- 

tems. The necessary condition in Theorem l(a) is now proved. [] 

4.4. Proof  o f  Theorem 1 (c). 

Withou t  loose of generality assume that  cT 0 is the singularity and that  70 

is the non-transversal orbit in F. We prove that  if either conditions (C1) 

or (C2) fails to hold then r is not isolated. To this end we prove that  

W~(~k_l)  intersects WS(cr2) transversally along an orbit ~ contained 

in U and close to 7k-1 U o0 U 7o U cr 1. This proves the existence of a 

transversal heteroclinic cycle of periodic orbits, thus proving that  r is 

not isolated. Here k > 2 is the number of critical elements in r .  

Consider 

p E T 0 , E ,  D c E ,  T r : D - ~ E  and T = ~ r ( D )  

as in the previous section. Since cr 0 is the singularity, it follows from 

Lemma 3 that  T is a connected set with W~(ao) A E contained in its 

boundary.  

Since W~(~k_l)  intersects WS(cro) transversally along ~/k-1 we have 

that  W ~ ( ~ _ I )  N E is connected, contained in T and with W~(a0) N E 
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contained in its boundary. Indeed, WU(~_l )  overlaps with W~"(cr0) in 

a relatively open set. 

On the other hand, since W~(al) intersects WS(cr2) transversally 

along ~1 it follows that  W~(cr2) O ~ is contained in D and accumulates 

on W~(c~l). 

Since by hypothesis W~(~0) intersects W~(crl) non-transversally, but 

in general position along ~/0, it follows that  if either (C1) or (C2) is 

false then W~(~k_l) intersects W~(cr2) transversally along an orbit ~ as 

indicated. 

This proves that  F is not isolated. The proof of Theorem 1 is now 

complete. �9 

4.5. Proof of  Theorems 2 and 3. 

For the proof of Theorem 2 we refer the reader to [A], page 117. Spe- 

cially for the equivalence (a) r (b). The other equivalences are already 

contained in Theorem 1. 

The proof of Theorem 3 follows from some straightforward geometric 

arguments. In fact, when the saddle-node type critical element splits 

into two hyperbolic critical elements, the maximal invariant set becomes 

trivial. 

5. Local  transit ion maps .  

In this Section we prove Lemma 3. As it was explained it is enough 

to consider linear vector fields. In fact, the generic conditions given in 

Section 3 guarantees smooth linearization and the results to be proved 

are invariant under C 1 change of coordinates. 

5.1. Local transition maps through singularities. 

Let X be a hyperbolic linear vector field on ]R n. Assume that  X is 

given by: 
ic = A x  ~ B  </3  < 0 < c~ < ~ A  

i]= B y  x E IR ~, y E ]R ~ 

An inequality of the type 91M < c (resp. 9~M > c) means that  
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the real part  91# of every eigenvalue # of the matrix M is less (resp. 

greater) than c. 

Let < , > be the scalar product  in R~ such that  < Ax,  x > > 

c~llxll 2 Vx E R ~ and < Ay, y > </311xlt 2 Vy E R s. In what  follows 

every scalar product  will be of this kind. 

Let p(t,  x, y) = (etAx, etBy) be the flow of X. Consider p = (0, Y0) 

WS(0) and q = (x0, 0) C W~(0). For an arbitrari!y small number e > 0 

consider the transversal sections: 

and 

~ = {(x ,y) / l l~l l  ~ ~, Ilyll = Ily011, Ily - y011 ~ d ,  

r q , =  {(x ,y) / l lx l l  = IIx011, I1~ - ~011 ~< ~, Ityll _< d .  

As already defined D o = {(x, y) E Ep/~(t ,  x, y) E Eq for some t > 

0}. Let prove that  DO is a connected set. Recall that  since we are not 

doing any distinction between DO and Do, this last is a closed set. 

Consider (~, ~) E DO. It exists T > 0 such that  ~(T, ~, ~) ~ 2q. By 

an easy verification (e-sAY,~) E DO Vs >_ O. Since (e-say,~)  ~ (0, 

as s --+ 0 it follows that  Do is an arc-wise connected set. Hence it is 

connected. 

By duality, reversing time, we see that  To = 7r0(D0) is also a con- 

nected set. Par t  (a) of Lemma 3 is now proved. 

Let now prove that  Do is contained in a set which is tangent to 

W ~s (0) F/Ep at W s (0) N Ep. By duality it immediately follows that  TO is 

contained in a set which is tangent  to W~(0 )  N Eq at W~(0) N Eq. 

Assume that  X is given by: 

ic = Aox 9lB < 0 < 91A1 < 91Ao 

iv = A l w  (x, w) ~ R ~, y E R s 

9 = B y  

As usual F(t, x, w, y) denotes the flow of )2. For this linear vector 

field WS(0) = { ( x , w , y ) / x  = w = 0} and WCS(0) = { ( x , w , y ) ] x  = 0}. 

We will prove that  Do is contained in a set of the form {(x, w, y)/llxH _< 

KHwll ~} w i t h c ~ > l .  
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Consider  p = (0, 0, YO) e W~(0), q = (x0, wo,0) C W~(0), w o r  0. 

For e > 0 consider the t ransversal  sections: 

r p  = {(m, w, y)/llmll -< ~, Ilwll -< e, Ilyll = Ilyoll, I]y - yoll -< e}, 

and 

r,q = { ( x ,w ,  yD/ll(x,w)ll = II(xo, wo)ll, II(z, w) - (zo, woDII _< e, Ilyll -< e}. 

Recall  t h a t  DO = {(x, w, y) ~ Ev/p(t, x, w, y) ~ 2q for some t > 0}. 

We look for (x,w,y) C Ep such tha t  (etoAox, etO&w,e~oBy) E 2q for 

some to > 0. 

Since e -tAo, e -tA1 and e tB goes to zero as t goes to oc, there  exists 

T > 0 such tha t  [[etBy[[ _<e Vt > T, Vy wi th  [lyll = Ilyoll, Ily - yoll -< ~, 

and  

I1(~ tA~ <- ~ Vt > T,V(W,~) 

with  

Consider 

I1(~,~)11 = ( ~ o , w o ) l / ,  I1 (~ ,~ )  - ( ~ o , w o ) l [  ~ ~ 

(x; w, y) = (e-~A~ e-tAl~, y) 

wi th  t > :r, Ilyll = Ilvoll, I I v -  roll _< ~, II(~,w)l l  = I1(~o,~o)11 and 
I1(~,~) - (xo,~o) l l  _< ~. ~t fonows tha~ ( ~ , ~ , y )  < Do and that  every 
point  in DO can be wr i t t en  in this  form. 

We now prove tha t  there  are posit ive real numbers  K _ ,  K +  and  real 

numbers  a _ ,  c~+ wi th  1 < a +  < c~_ such tha t :  

K - I I ~ I I  ~ -< I1~11 -< K+ I I~ I I  ~+ v ( x , ~ , , y )  e Do.  

This  will prove par t  (b). 

Let  c~, c~, i = 0, 1 be posit ive real numbers  such t h a t  0 < c~1 < 

~IA1 < ~ < c~o < 9~A0 < ~d. We now tha t :  

~<11~11 -< I1<1 = lie tA~ _< e ~'o11~11 v t  > o w ,  

and 
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It easily follows that:  

1 

I1~11/ -< ~-~ -< 
and 

1 

H~II /  ' 

1 1 

- -  < e - t <  

From this we deduce the existence of K_, K+,  c~_ and c~+ as desired. 

We now turn  to prove part  (c). It is enough to prove our thesis for 

Do. The proof for T O follows by duality. 

By hypothesis W~(cr) n Ep is of codimension one in W ~ ( a )  N 2p. 

Hence it separates W ~(~) N Ep in two components.  By (a), DO is con- 

nected. Further,  as it is easy to verify, DO \ W~(a)C~ Ep is also connected. 

Using (b) we conclude that  D O is tangent  W~S(~) f~ Ep at WS(~) N Ep. 

This proves Lemma 3 when a is a singularity. 

5.2. Local transition through fixed points 
We will only prove part  (d) of Lemma 3. Parts  (e) and (f) are proved 

following estimations similar to thats  in (b) and (c). 

Let L be a hyperbolic linear automorphism of R n. Assume that  L 

has the form 
x ' =  Ax IBI < 1 < IAI 

y l=  By  x ~ II{ u, y E ]R "s 

The notat ion IMI < 1 means tha t  the modulus of every eigenvalue 

of the matr ix  M is less than  1. Let II II be a norm in I~ n such tha t  A -1 

and B are contractions. 

Consider p = (0, Y0) r WS(0) and q = (x0, 0) ~ WU(0). Let 

and 

z p  = { ( x , y ) / l l x l l  ~ ~, liy - yon ~ d 

Zq = { ( ~ ,  y ) / l i x  - xoll ~ ,~, Ilyil ~ d- 

be neighborhoods of p and q respectively. 

Then  D 0 = { ( x , y )  EEp/L~(x , y )  EEq for some n E N } .  Let D n =  

L-~(Eq) N Ep. There is a smallest NO E N such that  Dn r 2J Vn >_ NO. 
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It then follows that  DO = U~NoD~ is a disjoint union of enumerable 

components. 

Since by generic assumption q has a non-zero component  along the 

weakest expansion, the sequence of distances of {dist(D~, 0)}~>N0 is a 

geometrical one with ratio the modulus of the weakest expansion. 

By dual arguments, the same results are proved for TO. This proves 

Lemma 3. 

6. Final Remarks. A conjecture. 
Once the gssc of vector fields in the boundary of the Morse-Smale 

systems are classified, it becomes a natural  problem to study the 1- 

parameter unfolding of each of such cycles. 

In this Section we present some general results in this direction. 
k - 1  Consider a vector field X with a hyperbolic gssc F = (Ui=0 a i )u (U~0  ~yi). 

Assume that  ~/0 is the non-transversal orbit of P. On any neighborhood 

of F there are subordinated cycles of the form F0 = (or0 U or1)U(~y0 u ~ ) .  

Such a cycle F0 may be non-singular. However, in this case it also exists 

a subordinated gssc F0 of F of the form (or 0 U or1 U aj) U(~/0 u '71 U 'Tj) 
where crj is a singularity. 

A generic 1-parameter family that  unfolds r also unfolds F0 (resp. 

F0). Thus, in the unfolding of r we will see all the dynamical phenomena 

of the unfolding of F0 (resp. I~0). This motivates us to first consider the 

unfolding of gssc with two or three critical elements, and in this last 

case to even consider the unfolding of the subordinated cycle with two 

periodic orbits. 

Let us consider a gssc F with two critical elements. We represent it 

graphically as follows: 

~ + 1  8 + u = r t  

u 

Figure 4 
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The weakest contraction of cr 0 is real and the weakest expansion of Ol 

is real and positive. The non-transversal orbit has negative curvature. 

The central directions of cr 0 and Ol are the directions of the weakest 

contraction and the weakest expansions. The weakest expansion (resp. 

contraction) of cr 0 (resp. or1) may be real or complex. The regular 

orbits 7o and 71 tend tangentially (as t --~ i c c )  to the central directions. 

Consider the non-central directions as directions of normal hyperbolicity. 

Reducing the cycle to the central directions we then have the following 

four situations: 

//~3: 

1 

//~5: 

2,c 

~ C  
1 

~ e  
3 3 

2,c 

Figure 5 

where " c " means complex eigenvalues, " - " means negative signa- 

ture and the numbers are the dimensions of the corresponding invariant 

manifolds. 

For a hyperbolic gssc r with three critical elements (with the non- 

transversal orbit between the two periodic orbits) the reduction to cen- 

tral directions gives the following three cases: 
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~4: 

2 ...... ~ ......... 2 

2 " , , / 2  

/~6: 

3,.c_ ..... ~ ..... 3.,.c 

3 " , , / 3  

R5: 

3~q ..... ~ ....... 2 

3 N , / 2  

Figure 6 

Finally, there are hyperbolic gssc r with only one critical element (a 

singularity). Reducing to central directions we obtain the following two 

c a s e s :  

•2: ~ R3: 

1 

Figure 7 

We conclude this work by posing the following conjecture: 

Conjecture. Every dynamically significant phenomenon to be found in 
the unfolding of a hyperbolic gssc is already present in the unfolding of 

one of the 9 cycles given above. 
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